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Abstract
Let (G) and IR(G) denote the independence number and the upper irredundance number
of a graph G. We prove that in any graph of order n, minimum degree  and maximum
degree  =0, IR(G)6 n=(1 + =) and IR(G) − (G)6 (( − 2)=2)n. The two bounds are
attained by arbitrarily large graphs. The second one proves a conjecture by Rautenbach related
to the case  = 3. When the chromatic number 
 of G is less than , it can be improved to
IR(G)− (G)6 ((
 − 2)=2
)n in any non-empty graph of order n¿ 2.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let G=(V; E) be a simple graph of order |V |= n, minimum degree  and maxi-
mum degree . For X ⊆V , we denote by 〈X 〉 the subgraph induced by X in G and
by N (X ) (N [X ] =N (X )∪X , respectively) the neighbourhood (closed neighbourhood,
respectively) of X . We follow the notation in [5]. The set X is independent if 〈X 〉
contains no edge and dominating if every vertex in V\X has at least one neighbour in
X . If x∈X , the vertices of N [x]\N [X \{x}] are called the X -private neighbours of x.
A vertex x of X is irredundant in X if N [x]\N [X \{x}] 
= ∅. If x is not isolated in 〈X 〉,
its X -private neighbours belong to V\X . The set X is irredundant if all its vertices are
irredundant in X . The maximum cardinality of an independent (minimal dominating,
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irredundant, respectively) set of G is denoted by (G) ((G), IR(G), respectively).
These three parameters are related in any graph by the well-known inequalities [2]
(G)6(G)6IR(G):
The purpose of this paper is to prove and discuss some upper bounds on IR(G) and
IR(G)− (G) in terms of n,  and .
Henning and Slater [6], and independently Cockayne and Mynhardt [3], have shown
that every regular graph satisHes IR(G)6n=2. Moreover, in [3], the regular graphs for
which IR(G)= n=2 have been characterized.
Theorem A (Cockayne and Mynhardt [3]). If G is an r-regular graph of order n,
then IR(G)6n=2. Moreover, IR(G)= n=2 if and only if for each component H of
G, V (H)=U ∪W where |U |= |W |= |V (H)|=2 and either H is an r-regular bipartite
graph with bipartition (U;W ), or 〈U 〉 and 〈W 〉 are (r − 1)-regular graphs joined by
a 1-factor.
On the other hand, Rautenbach found an upper bound on the diIerence IR(G)−(G)
for any graph G in terms of the order and the maximum degree of G.
Theorem B (Rautenbach [7]). For any graph G of order n and maximum degree
¿3,
IR(G)− (G)6 (− 1)
2
22
n:
The author of [7] thought his bound was not best possible and gave in particular for
63 the following conjecture.
Conjecture C (Rautenbach [7]). If G is a graph with maximum degree 63, then
IR(G)− (G)6n=6:
In Theorem 1, we generalize Theorem A by giving an upper bound on IR(G) in
terms of the minimum and maximum degrees  and  of G which is equal to n=2
when =. In Theorem 2, we slightly improve Theorem B by replacing the upper
bound ((− 1)2=22)n by ((− 2)=2)n, which is sharp by Theorem 3 and proves
Conjecture C.
2. Bound on IR(G )
Theorem 1. Let G be a graph of order n, minimum degree  and maximum degree
¿0. Then
IR(G)6
n
1 + =
:
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Moreover, equality holds if and only if G is a bipartite graph such that all vertices
lying in the same partite set have the same degree, or it is regular and it is of one
of the two types described in Theorem A.
Proof. Let I be a maximum irredundant set of G, Z the set of isolated vertices of 〈I〉,
A= I\Z , A′ the set of the I -private neighbours of the vertices in A, Q=N (I)\(I ∪A′)
and R=V − N [I ]. Since I is irredundant, A′ ⊆V\I and |A′|¿|A|. Since the number
e(Q; Z) of edges between Z and Q satisHes |Z |6e(Q; Z)6|Q|, we have
|Q|¿ 

|Z |= 

(|I | − |A|):
Therefore,
n = |I |+ |Q|+ |A′|+ |R|
¿ |I |
(
1 +


)
+ |A′| − |A| 

+ |R|
¿ |I |
(
1 +


)
+ |A|
(
1− 

)
+ |R|
¿ |I |
(
1 +


)
which proves the bound.
When  
=, equality holds if and only if R= ∅, A=A′ = ∅, |Z |=|Q| and every
edge having one extremity in Q has its second extremity in Z . The graph G is bipartite
with bipartition (Q; Z) and the vertices in Z (in Q, respectively) have degree  (,
respectively).
When = then IR(G)6n=2, and IR(G)= n=2 if and only if R= ∅, |A′|= |A|,
|Z |= |Q| and every edge having one extremity in Q has its second extremity in Z .
Hence, for each component of G, either A= ∅ or Z = ∅. These two cases correspond
to the two cases of equality described in Theorem A.
Remark. It is known that in any graph of order n and minimum degree , IR(G)6n−
[4]. The new bound of Theorem 1 is better for graphs with small degrees, namely when
+ ¡n.
3. Bound on IR(G )− (G )
Theorem 2. Let G be a connected graph of order n, chromatic number 
(G) and
maximum degree ¿2. Then
IR(G)− (G)6− 2
2
n:
Moreover, IR(G) − (G)= ( − 2)n=(2) if and only if either G is a path or a
cycle, or ¿3, IR(G)=(G)= n=2, (G)= n=, 
(G)= and V (G)=A∪A′ where
|A|= |A′|= n=2 and the edges between A and A′ form a 1-factor.
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Proof. Let I be a maximum irredundant set of G, Z the set of the isolated vertices of
〈I〉 and A= I\Z . If A= ∅, then I is an independent set, IR(G)= (G) and the above
inequality is satisHed with equality if and only if =2 that is if G is a path or a
cycle. We suppose now A 
= ∅ and consider the set A′ of the private neighbours of
the vertices in A and S =A∪A′. Then |S|¿2|A|. Let 
(S) be the chromatic number
of 〈S〉, 
(G) the chromatic number of G, and D a maximum independent set of 〈S〉.
Clearly, 
(S)6
(G) and thus,
|D|¿ |S|

(S)
¿
|S|

(G)
¿
2|A|

(G)
: (1)
We can assume that G is neither a clique nor an odd cycle, for otherwise, IR(G)= (G)
and the result is obvious. By Brooks’ Theorem, 
(G)6(G), which implies
|D|¿2|A|

: (2)
The set D∪Z is independent in G. Hence, (G)¿|Z |+ |D| and
IR(G)− (G)= |Z |+ |A| − (G)6|A| − 2|A|

= |A| − 2

: (3)
The bound follows from n¿2|A|.
When A 
= ∅, IR(G)− (G)= ((− 2)=2)n holds if and only if all the inequalities
in the previous proof are equalities. Hence, n=2|A|, and thus |A|= |A′|, V (G)=A∪A′,
and the edges between A and A′ form a 1-factor. The set I =A is a minimal dominating
set of G, which implies IR(G)=(G). Finally, 
(G)=, (G)= |D|= n= and the
vertex set V admits a partition into  equal independent sets.
Theorem 3. For every value of ¿2, there exist arbitrary large connected -regular
graphs G satisfying the equality
IR(G)− (G)= − 2
2
n:
Proof. For =2, the equality is attained by cycles. For ¿3, let each of A and A′
be the disjoint union of q cliques K. We construct G by adding a 1-factor between
the vertices of A and A′ in such a way that the resulting graph is connected. Then
n=2q and IR(G)= |A|= n=2. By Theorem 2,
(G)¿
n
2
− − 2
2
n=
n

:
Since V =A∪A′ admits a partition into 2q= n= cliques K, (G)6n=. Therefore
(G)= n= and
IR(G)− (G)= − 2
2
n:
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By the additivity of IR and  on the diIerent components of G, the bound of
Theorem 2 holds even if G is not connected. This is clear when =2 since then
IR(Gi)= (Gi) for each component Gi of G. So we consider only the case ¿3.
Corollary 1. Let G be a graph of order n and maximum degree ¿3. Then IR(G)−
(G)6((− 2)=2)n and equality holds if and only if all the components Gi have
maximum degree  and satisfy IR(Gi)−(Gi)= ((− 2)=2)ni where ni is the order
of Gi.
Proof. Let G1; G2; : : : ; Gt be the components of G and ni; i their respective order
and maximum degree. Suppose =1¿2¿ · · ·¿q¿2 and i =0 or 1 for q +
16i6t (possibly q= t). Since i6 for all i6q and IR(Gi) − (Gi)= 0 for i¿q,
each component satisHes
IR(Gi)− (Gi)6max
{
0; ni
i − 2
2i
}
6ni
− 2
2
:
Adding these t inequalities gives
IR(G)− (G)6
(
t∑
1
ni
)
− 2
2
= n
− 2
2
:
Equality occurs if and only if i = and Gi satisHes the equality for all i.
Since IR(G)− (G)= 0 if =1, the following result is an obvious consequence of
Corollary 1.
Corollary 2 (Conjecture C). If G is a graph of order n and maximum degree 63
then IR(G)− (G)6n=6.
We can remark that in the proof of Theorem 2, we used Brooks’ theorem to replace

(G) by its upper bound  in (2) because our aim was to get a bound on IR−  in
terms of  to improve Rautenbach’s result. However, this substitution is not necessary.
If we keep 
(G) in |D|¿2|A|=
(G), we can disregard the hypothesis of connectedness
and get IR(G)− (G)6|A|(
− 2)=
 instead of (3) as soon as 
¿2. This leads to the
following stronger result.
Theorem 4. Every graph G of order n¿2 and chromatic number 
¿2 satis>es
IR(G)− (G)6
 − 2
2

n:
When 
¡n=2, the bound of Theorem 4 is better than the other bound IR(G) −
(G)6(n− 4)=2 given in [7].
We can get corollaries to Theorem 4 in classes of graphs for which the value
of 
 or an upper bound smaller than  is known. For instance, as shown in [1],
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IR(G)= (G) in bipartite graphs. More generally, if ! is the order of a largest clique
of G, IR(G)− (G)6((!− 2)=2!)n in any perfect graph.
Open question. Theorem 3 shows that the diIerence IR(G)−(G) can attain ((−2)=
2)n, even in connected regular graphs. What can be said on IR(G)−(G)? It is known
that IR(G)−(G)6(n− 6)=2 in any graph [7] and that in connected r-regular graphs,
this diIerence can be made arbitrarily large (cf. [3] for r=3 and [7] for any r¿3).
By Theorem 2, the bound (n − 6)=2 on IR(G) − (G) is not sharp when ¡n=3.
By analogy with Theorem 2, it would be interesting to know a sharp upper bound on
IR(G)− (G) in terms of n and  or 
.
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